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Abstract

The τ = 2 Conjecture predicts that every ideal minimally non-packing clutter has covering number two. In

the original paper where the conjecture was proposed, in addition to an infinite class of such clutters, thirteen

small instances were provided. The construction of the small instances followed an ad-hoc procedure and

why it worked has remained a mystery, until now. In this paper, using the theory of clean tangled clutters,

we identify key structural features about these small instances, in turn leading us to a second infinite class of

ideal minimally non-packing clutters with covering number two. Unlike the previous infinite class consisting

of cuboids with unbounded rank, our class is made up of non-cuboids, all with rank three.

Keywords. Clutters, ideal minimally non-packing clutters, the Q6 property, the τ = 2 Conjecture, clean

tangled clutters.

1 Introduction

Let C be a clutter over ground set V .1 The packing number, denoted ν(C), is the maximum number of pairwise

disjoint members. The covering number, denoted τ(C), is the minimum cardinality of a cover, i.e. the minimum

number of elements needed to intersect every member. We have ν(C) ≤ τ(C); this motivates the following

standard definitions:

• C packs if ν(C) = τ(C).

• C has the packing property if every minor of C, including C itself, packs [9].

• C is minimally non-packing if C does not pack, but every proper minor of C packs [9].

Observe that a clutter has the packing property if, and only if, it has no minimally non-packing minor. It was

proved in [9] that if C has the packing property, then the set covering polyhedron{
x ∈ RV

+ :
∑
v∈C

xv ≥ 1 C ∈ C

}
1To pick up the pace of the introduction, we have assumed familiarity with standard notions such as clutters, minors, etc. and have

postponed their definition to §1.1.
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is integral, that is, C is ideal [10]. This implication is a consequence of a powerful theorem of Lehman [16] on

the structure of a minimally non-ideal clutter, i.e. a non-ideal clutter whose proper minors are ideal. Since the

packing property implies idealness, every minimally non-packing clutter is either ideal or minimally non-ideal.

An important conjecture in the area is the Replication Conjecture [7], stating that a minimally non-packing

clutter cannot have replicated elements. Lehman’s theorem verifies the conjecture for the minimally non-ideal

clutters (see [9]). It therefore remains to prove that an ideal minimally non-packing clutter cannot admit repli-

cated elements. To solve the remaining case, Cornuéjols, Guenin and Margot made the following stronger

conjecture:

Conjecture 1 (τ = 2 Conjecture [9]). Every ideal minimally non-packing clutter has covering number two.

All the examples of ideal minimally non-packing clutters known at the time had covering number two,

making the authors of [9] believe the conjecture above. The reader may think that the reason for believing the

conjecture is somewhat superficial but, recently, geometric evidence supporting the conjecture was provided

in [1].

Given the τ = 2 Conjecture, a natural research direction is to study, give examples of, and characterize ideal

minimally non-packing clutters with covering number two. In [9], the authors provided an infinite class of such

clutters along with thirteen small examples. The infinite class of ideal minimally non-packing clutters consists

of cuboids, and in papers [4, 1], by using the theory of cuboids, more than 700 new small cuboid examples were

generated via a computer program. Twelve of the thirteen small examples [9], however, are not cuboids. Other

than the fact that they belong to chains of ideal minimally non-packing clutters starting with Q6 [4], not much

else has been known about them.

In this paper, we use the theory of clean tangled clutters to identify key structural properties about the thirteen

small examples of ideal minimally non-packing clutters with covering number two, and in general about those

with rank three. This investigation leads us to a new infinite class of ideal minimally non-packing clutters with

covering number two, clutters which share the identified structural properties with the thirteen small examples.

Since the new infinite class of ideal minimally non-packing clutters is easy to describe, and the proof of

correctness does not need much overhead knowledge, we present these two things first. Given a clutter C over

ground set V , we define G(C) as the graph with vertices V and edges corresponding to the two-element minimal

covers of C.

Theorem 2. Let C be a clutter, and let G = G(C). Assume that

• G is bipartite and has exactly 3 connected components,

• the first connected component of G has two vertices 1, 2 and an edge between them,

• the second connected component of G has two vertices 3, 4 and an edge between them,

• the third connected component of G is a path on at least four edges, where the first edge is {5, 6}, the last

edge is {5′, 6′}, 5, 5′ belong to the same part of the bipartition, and 6, 6′ belong to the other part of the

bipartition, and
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• the minimal covers of C of cardinality different from two are precisely

{2, 4, 6}, {2, 3, 5}, {1, 4, 5′}, {1, 3, 6′} and {3, 5, 6′}, {4, 5′, 6}.

Then C is an ideal minimally non-packing clutter. (See Figure 1 for an illustration of the graph G.)

After introducing some definitions and a preliminary in §1.1, we prove Theorem 2 in §2. Then we prove in

§3 that all ideal minimally non-packing clutters with covering number two and rank three share certain structural

properties – properties that our new examples enjoy. We conclude the paper in §4 by describing the thirteen

examples of ideal minimally non-packing clutters of [9] that we alluded to, and noting that these examples also

enjoy the structural properties discussed in §3.

1.1 Definitions and a preliminary

Given a finite set V , a clutter C over ground set V is a family of subsets of V , such thatC 6⊆ C ′ for allC,C ′ ∈ C.

We refer to elements of V simply as elements, and sets in C as members. A cover of C is a subset B ⊆ V with

B ∩ C 6= ∅ for all C ∈ C. A transversal of C is a cover B ⊆ V with |B ∩ C| = 1 for all C ∈ C. A cover is

minimal if it does not contain another cover. The blocker b(C) of C is the clutter over ground set V consisting of

the minimal covers of C [11]. For all clutters C, we have b(b(C)) = C [11, 14].

For disjoint I, J ⊆ V , the minor C \ I/J of C obtained by deleting I and contracting J is the clutter over

ground set V − (I ∪ J) consisting of the inclusion-wise minimal sets in {C \ J : C ∈ C, C ∩ I = ∅}. We

say that C \ I/J is a proper minor of C if I ∪ J 6= ∅. Deletions in C correspond to contractions in b(C), and

contractions in C correspond to deletions in b(C), so that b(C \ I/J) = b(C)/I \ J [20].

Recall that a clutter C is ideal if its set covering polyhedron{
x ∈ RV

+ :
∑
v∈C

xv ≥ 1 C ∈ C

}

is integral. Idealness is closed under taking the blocker and minors. That is, C is ideal if and only if b(C) is

ideal [13, 15], and if C is ideal, then all minors of C are ideal [21].

We now give some examples of non-ideal clutters. For any integer n ≥ 3, the clutter ∆n over ground set

[n] = {1, . . . , n} is given by

∆n = {{1, 2}, {1, 3}, . . . , {1, n}, {2, 3, . . . , n}}

More generally, a delta is any clutter whose elements can be relabeled to obtain ∆n for some n. An extended

odd hole is any clutter whose elements can be relabeled as [n], for odd n ≥ 5, to obtain a clutter C of the form

C = {{1, 2}, {2, 3}, . . . , {n− 1, n}, {n, 1}} ∪ C′

where C′ consists of members with cardinality three or more. Note that the set covering polyhedron of ∆n

has a fractional vertex
(

n−2
n−1 ,

1
n−1 , . . . ,

1
n−1

)
, and the set covering polyhedron of any extended odd hole has a
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fractional vertex
(
1
2 , . . . ,

1
2

)
. Since a clutter C is ideal if and only if b(C) is ideal, the blocker of any extended

odd hole is also non-ideal. We might also remark that b(∆n) is non-ideal, except that b(∆n) = ∆n. We need

the following result for the proof of Theorem 2:

Theorem 3 ([16], see also [19]). Every minimally non-packing clutter with covering number two is ideal, a

delta, or the blocker of an extended odd hole.

2 Validity of our construction

We begin with a few definitions and notions. Let C be a clutter over ground set V . Recall that G(C) is the graph

with vertices V and edges corresponding to the two-element minimal covers of C.

Definition 4 ([2, 3]). A clutter C is tangled if τ(C) = 2 and every element of C is in a cardinality-two cover. That

is, C is tangled if G(C) has no isolated vertex.

Note that for a tangled clutter C, every member of C is a vertex cover of G(C). (The converse, however, is

not true.)

Definition 5. The rank of a tangled clutter C, denoted rank(C), is the number of connected components ofG(C).

Note that the clutters C described in Theorem 2 are tangled, have rank three, and G(C) is bipartite. We will

use these properties, along with the following lemma, to show that the clutters described in Theorem 2 do not

pack:

Lemma 6. Let C be a tangled clutter with rank three, and suppose G(C) is bipartite. Denote by {U1, V1},
{U2, V2}, {U3, V3} the bipartitions of the connected components of G(C). If V1 ∪ V2 ∪ V3, U1 ∪ U2 ∪ V3,

U1 ∪ V2 ∪ U3, V1 ∪ U2 ∪ U3 are covers of C, then C does not pack.

Proof. Suppose for contradiction that C packs, so that C has disjoint members C1, C2. Then each edge of G(C)
must have exactly one end in each of C1, C2, so each Ci respects the bipartition of each connected component

of G(C); that is, Ci ∩ (Uj ∪ Vj) ∈ {Uj , Vj} for i ∈ [2] and j ∈ [3]. We may assume that C1 ∩ (U1 ∪ V1) = U1

and so C2 ∩ (U1 ∪ V1) = V1. We have two cases:

Case 1: C1 ∩ (U2 ∪ V2) = U2 and so C2 ∩ (U2 ∪ V2) = V2. As V1 ∪ V2 ∪ V3 is a cover, it follows that

C1 ∩ (U3 ∪ V3) = V3 and so C2 ∩ (U3 ∪ V3) = U3. But then C2 is disjoint from the cover U1 ∪ U2 ∪ V3.

Case 2: C1 ∩ (U2 ∪ V2) = V2 and so C2 ∩ (U2 ∪ V2) = U2. As V1 ∪ U2 ∪ U3 is a cover, it follows that

C1 ∩ (U3 ∪ V3) = U3 and so C2 ∩ (U3 ∪ V3) = V3. But then C2 is disjoint from the cover U1 ∪ V2 ∪ U3.

In both cases we have a contradiction, so C does not pack.

We will use the following lemma to show that the clutters described in Theorem 2 are minimally non-packing.

Note that this lemma applies even to clutters C where G(C) has isolated vertices:

Lemma 7. Let C be a clutter over ground set V , and let G = G(C). Assume that:
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(i) G is a bipartite graph with bipartition {U0, V0},

(ii) |{B ∈ b(C) : |B| > 2}| ≤ 1, and

(iii) if B ∈ b(C) satisfies |B| > 2, then B = {u, v, w} where

• u ∈ U0 and {v, w} ⊆ V0, and

• in G, either v, w belong to different connected components, or some neighbor of u is a cut-vertex of

G separating v and w.

Then C has the packing property.

Proof. We proceed by induction on |V | ≥ 2. The base case |V | = 2 holds trivially, so we may assume |V | ≥ 3.

Also, we may assume τ(C) ≥ 2.

Claim 1. C packs.

Proof of Claim. If τ(C) ≥ 3, then every minimal cover of C has cardinality at least 3, so b(C) = {{u, v, w}}, so

C = {{u}, {v}, {w}}, which clearly packs. Otherwise, τ(C) = 2. Notice that both U0, V0 are covers of b(C), so

they each contain members of C, implying in turn that C has two disjoint members, so C packs. ♦

Claim 2. For each x ∈ V , C/x has the packing property.

Proof of Claim. Notice that C/x satisfies (i)-(iii), so the claim follows from the induction hypothesis. ♦

Claim 3. For each x ∈ V and N = {y ∈ V : {x, y} ∈ b(C)}, C \ x/N has the packing property.

Proof of Claim. Let C′ = C \ x/N . If N 6= ∅, then C′ has the packing property by Claim 2. We may therefore

assume that N = ∅. By the induction hypothesis, it suffices to prove that C′ satisfies (i)-(iii). If x /∈ {u, v, w},
then C′ clearly satisfies (i)-(iii). If x ∈ {v, w}, then since u ∈ U0 and {v, w} ⊆ V0, it follows that C′ satisfies

(i)-(iii). Otherwise x = u. As N = ∅, we see that v, w belong to different connected components of G, so C′

satisfies (i)-(iii), as required. ♦

These three claims imply that C has the packing property. To see this, consider an arbitrary minor C \ I/J of

C. If I = J = ∅, then the minor packs by Claim 1. If J 6= ∅, then the minor packs by Claim 2. Otherwise, J = ∅
and I 6= ∅. If τ(C \ I/J) < 2, then the minor obviously packs. Otherwise, τ(C \ I/J) ≥ 2, so by Claim 3, the

minor packs. We have completed the induction step, thereby finishing the proof of the lemma.

We are now ready to prove Theorem 2, stating that if C is tangled whereG(C) is as illustrated in Figure 1, and

{2, 4, 6}, {2, 3, 5}, {1, 4, 5′}, {1, 3, 6′} and {3, 5, 6′}, {4, 5′, 6} are the minimal covers of cardinality different

from two, then C is ideal minimally non-packing:

Proof of Theorem 2. Let C be a clutter satisfying the hypotheses of Theorem 2. Note that C is tangled. Let

{U3, V3} be the bipartition of the third connected component of G, where {5, 5′} ⊆ U3 and {6, 6′} ⊆ V3. (See

Figure 1 for an illustration of G.)
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Figure 1: The four possibilities for G from Theorem 2.

Claim 1. C does not pack.

Proof of Claim. As {2, 4, 6}, {2, 3, 5}, {1, 4, 5′}, {1, 3, 6′} are minimal covers, {2, 4}∪V3, {2, 3}∪U3, {1, 4}∪
U3 and {1, 3} ∪ V3 are covers, so C does not pack by Lemma 6. ♦

In what follows, notice that in our setup, there is symmetry between 1, 2, between 3, 4, between 5, 6, between

5′, 6′, and between {5, 6}, {5′, 6′}.

Claim 2. Every proper contraction minor of C packs.

Proof of Claim. Choose I ⊆ V such that τ(C/I) ≥ 2. Let C′ = C/I and notice that b(C′) = b(C) \ I . As a

result, τ(C′) ∈ {2, 3}. If τ(C′) = 3, then it can be readily checked that b(C′) has at most two members, each of

cardinality 3, implying in turn that C′ packs. Otherwise, τ(C′) = 2, in which case we need to look for disjoint

members in C′. As disjoint members remain disjoint in contraction minors, we may assume that I = {x}. In

what follows, we find disjoint covers in b(C′). Assume in the first case that x ∈ {1, 2, 3, 4, 5, 6, 5′, 6′}. By

symmetry, we may assume that x /∈ {2, 4, 6, 5′, 6′}.

• If x = 1, then {2, 3} ∪ V3, {4} ∪ U3 are disjoint covers of b(C′).

• If x = 3, then {1, 4} ∪ V3, {2} ∪ U3 are disjoint covers of b(C′).

• Otherwise, x = 5. Then {2, 3} ∪ (U3 − {5}), {1, 4} ∪ V3 are disjoint covers of b(C′).

Assume in the remaining case that x ∈ V − {1, 2, 3, 4, 5, 6, 5′, 6′} = (U3 ∪ V3)− {5, 6, 5′, 6′}. Notice that

deleting x fromG disconnects the third connected component, that is,G\x has four connected components with

bipartitions {{1}, {2}}, {{3}, {4}}, {U ′3, V ′3}, {U ′′3 , V ′′3 }, where U ′3 ∪ U ′′3 = U3 − {x}, V ′3 ∪ V ′′3 = V3 − {x},
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5 ∈ U ′3, 6 ∈ V ′3 , 5′ ∈ U ′′3 and 6′ ∈ V ′′3 . Observe now that {1, 3} ∪ (V ′3 ∪ U ′′3 ), {2, 4} ∪ (U ′3 ∪ V ′′3 ) are disjoint

covers of b(C′).

In each case, we proved that b(C′) has disjoint covers, giving disjoint members of C′ in turn, as desired. ♦

Claim 3. Let I ⊆ V be nonempty, such that I is disjoint from {1, 2, 3, 4, 5, 6, 5′, 6′} and not a cover of C. Let

N ⊆ V − I be a set containing
{
y ∈ V − I : {x, y} ∈ b(C) for some x ∈ I

}
. Then C \ I/N packs.

Proof of Claim. Let C′ = C \ I/N , and note that b(C′) = b(C)/I \ N . As I ∩ {1, 2, 3, 4, 5, 6, 5′, 6′} = ∅, it

follows that b(C)/I \N = b(C) \ (I ∪N), implying that C′ = C/(I ∪N), so C′ packs by Claim 2. ♦

Claim 4. Let x ∈ {1, 2, 3, 4, 5, 6, 5′, 6′} and N = {y ∈ V : {x, y} ∈ b(C)}. Then C \ x/N has the packing

property.

Proof of Claim. By symmetry, we may assume that x /∈ {2, 4, 6, 5′, 6′}. To prove the claim, it suffices to show

that C \ 1/2, C \ 3/4 and C \ 5/6 have the packing property.

Every minimal cover of C \ 1/2 has cardinality two, and the graph over vertex set V −{1, 2} of the minimal

covers of the minor is bipartite with bipartition {3} ∪ U3, {4} ∪ V3, so C \ 1/2 has the packing property by

Lemma 7.

Every minimal cover of C \ 3/4 also has cardinality two, and the graph over vertex set V − {3, 4} of the

minimal covers of the minor is bipartite with bipartition {1}∪U3, {2}∪V3, so once again C\3/4 has the packing

property by Lemma 7.

Finally, let C′ = C \ 5/6, and let G′ be the graph over vertex set V − {5, 6} whose edges correspond to

the cardinality two minimal covers of C′. Notice that G′ is a bipartite graph with bipartition {1, 3} ∪ (U3 −
{5}), {2, 4} ∪ (V3 − {6}). Moreover, there is only one minimal cover with cardinality greater than two, namely

{1, 4, 5′}. Furthermore, the neighbor 3 of 4 in G′ is a cut-vertex separating 1, 5′. Thus C′ has the packing

property by Lemma 7. ♦

These four claims imply that C is a minimally non-packing clutter. To see this, note first that the clutter does

not pack by Claim 1. Let C\I/J be a proper minor. If I = ∅, then the minor packs by Claim 2. Otherwise, I 6= ∅.
If τ(C\I/J) < 2, then the minor clearly packs. Otherwise, τ(C\I/J) ≥ 2. If I∩{1, 2, 3, 4, 5, 6, 5′, 6′} 6= ∅, then

the minor packs by Claim 4. Otherwise, I is disjoint from {1, 2, 3, 4, 5, 6, 5′, 6′}. In this case, as τ(C \I/J) ≥ 2,

it must be that J ⊇
{
y ∈ V − I : {x, y} ∈ b(C) for some x ∈ I

}
, so the minor packs by Claim 3. We have

exhausted all cases, so every proper minor of C packs, so C is a minimally non-packing clutter.

By Theorem 3, C is ideal, a delta, or the blocker of an extended odd hole. However, as G is a bipartite graph

with at least two connected components, C must be an ideal clutter, thereby finishing the proof.

Take an integer r ≥ 1. Given a set S ⊆ {0, 1}r, the cuboid of S is the clutter over ground set [2r] whose

members have incidence vectors {(p1, 1 − p1, . . . , pr, 1 − pr) : p ∈ S}. We call a clutter a cuboid if it can be

obtained from the cuboid of some set S by relabeling elements of the ground set [2r]. In other words, a cuboid
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is a clutter C whose ground set can be relabeled as [2r] for some integer r ≥ 1, such that {2i − 1, 2i} for each

i ∈ [r] is a transversal:

|{1, 2} ∩ C| = |{3, 4} ∩ C| = · · · = |{2r − 1, 2r} ∩ C| = 1 ∀C ∈ C.

Notice that every member of C has cardinality r, and that {2i−1, 2i} for each i ∈ [r] is a cover. Thus, if C has no

cover of cardinality one, then C is a tangled clutter where G(C) has at least the edges {1, 2}, {3, 4}, . . . , {2r −
1, 2r}. Our construction has the promised properties:

Remark 8. The clutters C described in Theorem 2 have τ(C) = 2, rank(C) = 3, and are not cuboids.

Proof. The first two properties are immediate. To see that C is not a cuboid, note first that |V | ≥ 9. If |V | is

odd, then we are clearly done. Otherwise, |V | is even. We prove that C has a member of cardinality greater than

|V |/2, thereby finishing the proof. To this end, let {U3, V3} be the bipartition of the third connected component

of G(C), where {5, 5′} ⊆ U3 and {6, 6′} ⊆ V3. The third connected component is either a 56′- or 5′6-path (see

Figure 1). In the first case, {1, 4, 5} ∪ V3 is a member of C of cardinality (|V | + 2)/2, while in the remaining

case, {1, 3, 6} ∪ U3 is a member of C of cardinality (|V |+ 2)/2, as claimed.

That our infinite class of ideal minimally non-packing clutters consists of non-cuboids all with rank three is

interesting because the only other known infinite class of such examples, due to [9], is a family of cuboids of

unbounded rank (see [4]).

3 Structure of ideal minimally non-packing clutters

Our goal in this section is to prove Theorem 21, that all ideal minimally non-packing clutters with covering

number two and rank three share certain structural properties. To describe these properties, we need a few

concepts first.

3.1 Clean tangled clutters, the core, and the setcore

Let us begin with the following definition:

Definition 9. A clutter C is clean if no minor of C is a delta or the blocker of an extended odd hole.

In particular, ideal clutters are clean, so the clutters obtained by our construction are clean. We are particularly

interested in clean tangled clutters. To see why the tangled assumption is reasonable, note that in general we

have τ(C \ v) ≤ τ(C) and ν(C \ v) ≤ ν(C). But if v is in no cover of cardinality τ(C), then τ(C \ v) = τ(C),

and in particular C cannot be minimally non-packing. To summarize:

Remark 10. Every ideal minimally non-packing clutter with covering number two is a clean tangled clutter.

For clean tangled clutters, the graph G(C) of cardinality-two covers takes a nice form:
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Theorem 11 ([6], Remark 6 and Theorem 7). If C is a clean tangled clutter, then:

(i) G(C) is a bipartite graph without isolated vertices ([6], Remark 6).

If, in addition, G(C) is connected and {U1, V1} is the bipartition of G(C), then:

(ii) Neither of U1, V1 is a cover of C ([6], Theorem 7).

(iii) U1, V1 are members of C.

Proof. (iii) It follows from (ii) that the complement of U1, namely V1, contains a member of C. Since every

member of C is a vertex cover of G(C) and no proper subset of V1 is a vertex cover, it follows that V1 itself is a

member of C. Similarly, U1 is a member of C, as required.

For any clutter C, a fractional packing of C is a feasible point of the following linear program:

max 1>y
s.t.

∑
(yC : v ∈ C ∈ C) ≤ 1 v ∈ V

y ≥ 0.

The value of a fractional packing y is the value 1>y of the linear program. It can be readily verified that by weak

duality, the value of any fractional packing is bounded above by τ(C). The following result was proved recently:

Theorem 12 ([6], Theorem 3 and [5], Lemma 1.6). If C is a clean tangled clutter, then C has a fractional packing

of value two.

As a result, we may study the structure of the members of C used in some such fractional packing:

Definition 13. Let C be a clean tangled clutter. Then the core of C is the clutter

core(C) = {C ∈ C : yC > 0 for some fractional packing y of value two}.

We use a complementary slackness argument to prove the following:

Lemma 14. Let C be a clean tangled clutter over ground set V . Then every member of core(C) is a transversal

of the cardinality-two covers of C. Moreover, for every fractional packing y of value two and for every element

v ∈ V , we have
∑

(yC : v ∈ C ∈ C) = 1.

Proof. Let {u, v} be a cover of C, and let y be a fractional packing of C. Then we have∑
(yC : C ∈ C) ≤

∑
(yC : u ∈ C ∈ C) +

∑
(yC : v ∈ C ∈ C) ≤ 2

The first inequality follows from the fact that each C ∈ C contains either u or v, and the second follows from

adding the congestion inequalities for each of u, v. If y has value two, then
∑

(yC : C ∈ C) = 2, so we have

equality above. The first equality implies that if yC > 0, then C contains exactly one of u, v. Therefore, every

member of core(C) is a transversal of the cardinality-two covers {u, v}.
The second equality implies that

∑
(yC : u ∈ C ∈ C) =

∑
(uC : v ∈ C ∈ C) = 1. Since C is tangled, every

element v ∈ V appears in some cardinality-two cover of C, so
∑

(yC : v ∈ C ∈ C) = 1 for all v ∈ V .
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As a result, since G(C) is bipartite, members of the core must respect the bipartition of each connected

component:

Remark 15. Let C be a clean tangled clutter, and let r = rank(C). For each i ∈ [r], denote by {Ui, Vi} the

bipartition of the ith connected component of G(C). If C ∈ core(C), then C ∩ (Ui ∪ Vi) ∈ {Ui, Vi} for i ∈ [r].

In other words, each C ∈ core(C) is determined by r binary choices; in each connected component, C must

contain exactly one of the two parts of the bipartition. This allows a more concise representation of the core:

Definition 16. Let C be a clean tangled clutter, and let r = rank(C). For each i ∈ [r], denote by {Ui, Vi} the

bipartition of the ith connected component of G(C). For each C ∈ core(C), define pC ∈ {0, 1}r such that

(pC)i =

0 if C ∩ (Ui ∪ Vi) = Vi

1 if C ∩ (Ui ∪ Vi) = Ui

The setcore of C is the subset of {0, 1}r given by setcore(C) = {pC : C ∈ core(C)}. (The setcore is defined up

to relabeling and twisting coordinates, since our definition would change if U1, . . . , Ur were relabeled, or if the

roles of Ui, Vi were swapped.)

Given a clutter C over ground set V , we may obtain a new clutter by duplicating a chosen element v ∈ V ;

specifically, we obtain the clutter C′ over ground set V ∪ {v′} where v′ /∈ V , given by

C′ = {C ∪ {v′} : C ∈ C, v ∈ C} ∪ {C : C ∈ C, v /∈ C}.

In general, if C′ can be obtained from C by a finite number of duplications, we say that C′ is a duplication of C.

Note that:

Remark 17. Given a clean tangled clutter C, core(C) is a duplication of the cuboid of setcore(C).

Now consider the task of finding a fractional packing of C of value two. By definition, our fractional packing

may only use members in core(C), and by Lemma 14, our fractional packing must assign a total weight of 1 to

members C with (pC)i = 0, and a total weight of 1 to members C with (pC)i = 1, for each i ∈ [r]. Therefore,

after a 1
2 -scaling, finding a fractional packing of value two becomes equivalent to expressing 1

2 · 1 ∈ [0, 1]r as a

convex combination of setcore(C). Then Theorem 12 implies:

Remark 18. If C is a clean tangled clutter, then the convex hull of setcore(C) contains 1
2 ·1. Moreover, for each

x ∈ setcore(C), we can write 1
2 · 1 as a convex combination of setcore(C) which assigns a nonzero weight to x.

3.2 Ideal minimally non-packing clutters of rank three

We just saw in Remark 18 that if C is a clean tangled clutter, then the setcore contains the center of the unit

hypercube in its convex hull. If we additionally assume C does not pack and has rank three, i.e. G(C) has exactly

three connected components, then the setcore is determined up to twisting:

10



Lemma 19. Let C be a clean tangled clutter with rank three, and assume that (0, 0, 0) ∈ setcore(C) and C does

not pack. Then setcore(C) = {(0, 0, 0), (1, 1, 0), (1, 0, 1), (0, 1, 1)}.

For the proof of the lemma, note that finding an integral packing of value two in C is equivalent to finding two

points p, q ∈ setcore(C) such that p + q = 1. That is, finding two disjoint members in C amounts to finding a

pair of antipodal points in setcore(C).

Proof. Since C is tangled, we have τ(C) = 2. Since C does not pack, setcore(C) does not have antipodal points,

so (1, 1, 1) /∈ setcore(C). By Remark 18, we can write
(
1
2 ,

1
2 ,

1
2

)
as a convex combination of setcore(C) which

assigns a nonzero weight to (0, 0, 0). Since
(
1
2 ,

1
2 ,

1
2

)
lies on the plane x1 +x2 = 1, and (0, 0, 0) lies on one side

of the plane, setcore(C) must contain a point on the other side, which must be (1, 1, 0). Similarly, setcore(C)
contains (1, 0, 1) and (0, 1, 1), and cannot contain any other points by the antipodality restriction.

The hypothesis that setcore(C) = {(0, 0, 0), (1, 1, 0), (1, 0, 1), (0, 1, 1)} guarantees the presence of four

specific members of C, which in turn imposes restrictions on the minimal covers of C:

Lemma 20. Let C be a clean tangled clutter with rank three, and denote by {U1, V1}, {U2, V2}, {U3, V3} the

bipartitions of the connected components of G(C). Assume that

C1 = V1 ∪ V2 ∪ V3 C2 = V1 ∪ U2 ∪ U3 C3 = U1 ∪ V2 ∪ U3 C4 = U1 ∪ U2 ∪ V3

are members of C. Then:

(i) If Ci is a cover for some i ∈ [4], then Ci contains a minimal cover of cardinality three, consisting of one

element from each connected component of G(C).

(ii) Assume that {v1, v2, v3} and {u1, u2, v′3} are minimal covers of C for some u1 ∈ U1, u2 ∈ U2, v1 ∈ V1,

v2 ∈ V2, v3, v′3 ∈ V3 (see Figure 2). Then there exists a minimal coverB of C withB∩(U1∪V1) = {u1, v1}
and |B| ≤ 3.

Proof. (i) By symmetry, it suffices to prove the statement for C1. Choose a cover B ⊆ V1 ∪ V2 ∪ V3 of

minimum cardinality. Then B intersects each Vi, else B would be disjoint from one of C2, C3, C4. Suppose for

contradiction |B ∩ V1| ≥ 2, and consider C′ = C \ I/J for I = B − V1, J = (U2 ∪ V2 ∪ U3 ∪ V3)−B, so that

C′ has ground set U1 ∪ V1. We have two cases:

Case 1: τ(C′) ≥ 2. Since C′ is a minor of C, it follows that C′ is clean. Since the induced subgraph

G(C)[U1 ∪ V1] is a subgraph of G(C′), it follows that C′ is tangled. Then G(C′) is bipartite by Theorem 11 (i).

The subgraph relation implies that G(C′) is connected and has bipartition {U1, V1}, so U1 is a member of C′ by

Theorem 11 (iii). But B − I = B ∩ V1 is a cover of C′ disjoint from U1, a contradiction.

Case 2: τ(C′) ≤ 1; that is, there exists D ∈ b(C) with D ⊆ U1 ∪V1 ∪ I and |D∩ (U1 ∪V1)| ≤ 1. Therefore,

if D contains an element of U1, then D ∩ V1 = ∅, so D is disjoint from C4 = V1 ∪ U2 ∪ U3, a contradiction.

Therefore, D is disjoint from U1, so D ⊆ V1 ∪ V2 ∪ V3, and

|D| ≤ |D − I|+ |I| ≤ 1 + |B − V1| < |B ∩ V1|+ |B − V1| = |B|,

11



…

v1

<latexit sha1_base64="CwJsyQ39QZJYMRTX25sWyUqrRBc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48V7Qe0oWy2m3bpZhN2J4US+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M7+Z+e8K1EbF6wmnC/YgOlQgFo2ilx0nf65crbtVdgKwTLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjks1IvNTyhbEyHvGupohE3frY4dUYurDIgYaxtKSQL9fdERiNjplFgOyOKI7PqzcX/vG6KYc3PhEpS5IotF4WpJBiT+d9kIDRnKKeWUKaFvZWwEdWUoU2nZEPwVl9eJ62rqnddvXm4rtRreRxFOINzuAQPbqEO99CAJjAYwjO8wpsjnRfn3flYthacfOYU/sD5/AEIOo2c</latexit>

u1

<latexit sha1_base64="mLZMZzFn50OGZR01ffOTiqJou+s=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYo8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpIR14g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNWPczLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+2rqlerXt/XKo16HkcRzuAcLsGDG2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAGtI2b</latexit>

u2

<latexit sha1_base64="l5lbMOZHniJP/AfIKf/SsMlY9UM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKxR4LXjxWtLXQhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikY+JUM95msYx1N6CGS6F4GwVK3k00p1Eg+WMwuZn7j09cGxGrB5wm3I/oSIlQMIpWuk8HtUG54lbdBcg68XJSgRytQfmrP4xZGnGFTFJjep6boJ9RjYJJPiv1U8MTyiZ0xHuWKhpx42eLU2fkwipDEsbalkKyUH9PZDQyZhoFtjOiODar3lz8z+ulGDb8TKgkRa7YclGYSoIxmf9NhkJzhnJqCWVa2FsJG1NNGdp0SjYEb/XlddKpVb169equXmk28jiKcAbncAkeXEMTbqEFbWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QMIOI2c</latexit>

v2

<latexit sha1_base64="Vf6c0myNaGlQMDUsRoWsxEGANm0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJRo4kXjxilEcCGzI7DDBhdnYz00tCNnyCFw8a49Uv8ubfOMAeFKykk0pVd7q7glgKg6777eS2tnd29/L7hYPDo+OT4ulZy0SJZrzJIhnpTkANl0LxJgqUvBNrTsNA8nYwuVv47SnXRkTqCWcx90M6UmIoGEUrPU77lX6x5JbdJcgm8TJSggyNfvGrN4hYEnKFTFJjup4bo59SjYJJPi/0EsNjyiZ0xLuWKhpy46fLU+fkyioDMoy0LYVkqf6eSGlozCwMbGdIcWzWvYX4n9dNcFjzU6HiBLliq0XDRBKMyOJvMhCaM5QzSyjTwt5K2JhqytCmU7AheOsvb5JWpexVyzcP1VK9lsWRhwu4hGvw4BbqcA8NaAKDETzDK7w50nlx3p2PVWvOyWbO4Q+czx8Jvo2d</latexit>

v3

<latexit sha1_base64="jq4FErcrj70JtVs90svc7hW8XZg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYVI0cSLx4xyiOBDZkdGpgwO7uZmSUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU0eJYthgkYhUO6AaBZfYMNwIbMcKaRgIbAXju7nfmqDSPJJPZhqjH9Kh5APOqLHS46R33SuW3LK7AFknXkZKkKHeK351+xFLQpSGCap1x3Nj46dUGc4EzgrdRGNM2ZgOsWOppCFqP12cOiMXVumTQaRsSUMW6u+JlIZaT8PAdobUjPSqNxf/8zqJGVT9lMs4MSjZctEgEcREZP436XOFzIipJZQpbm8lbEQVZcamU7AheKsvr5PmVdmrlG8eKqVaNYsjD2dwDpfgwS3U4B7q0AAGQ3iGV3hzhPPivDsfy9ack82cwh84nz8LQo2e</latexit>

v03

<latexit sha1_base64="ar1ydUOW2TFyj3jqHCcV9yd+2jM=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbRU9nVij0WvHisYD+gXUo2zbahSXZJsoWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTto4SRWiLRDxS3QBrypmkLcMMp91YUSwCTjvB5D7zO1OqNIvkk5nF1Bd4JFnICDaZNL0c3AzKFbfqLoDWiZeTCuRoDspf/WFEEkGlIRxr3fPc2PgpVoYRTuelfqJpjMkEj2jPUokF1X66uHWOLqwyRGGkbEmDFurviRQLrWcisJ0Cm7Fe9TLxP6+XmLDup0zGiaGSLBeFCUcmQtnjaMgUJYbPLMFEMXsrImOsMDE2npINwVt9eZ20r6terXr7WKs06nkcRTiDc7gCD+6gAQ/QhBYQGMMzvMKbI5wX5935WLYWnHzmFP7A+fwBbAqNzw==</latexit>

U1

<latexit sha1_base64="9ejxfryNojBXhf7Bt25nz0BiVww=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYo8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTXwBuWKW3UXIOvEy0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5easO5nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVa9Wvb6vVRr1PI4inME5XIIHN9CAO2hCCxiM4Ble4c0Rzovz7nwsWwtOPnMKf+B8/gDV5Y17</latexit>

U2

<latexit sha1_base64="Zw1CgAtSkeqnclS8+O1C+hrx9fk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKxR4LXjxWNLXQhrLZbtqlm03YnQil9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSqFQdf9dgobm1vbO8Xd0t7+weFR+fikbZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK/hiOb+b+4xPXRiTqAScpD2I6VCISjKKV7v1+rV+uuFV3AbJOvJxUIEerX/7qDRKWxVwhk9SYruemGEypRsEkn5V6meEpZWM65F1LFY25CaaLU2fkwioDEiXalkKyUH9PTGlszCQObWdMcWRWvbn4n9fNMGoEU6HSDLliy0VRJgkmZP43GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvNWX10m7VvXq1au7eqXZyOMowhmcwyV4cA1NuIUW+MBgCM/wCm+OdF6cd+dj2Vpw8plT+APn8wfXaY18</latexit>

U3

<latexit sha1_base64="ZSb9h7hG5+PlrbihF1V7KFcOehE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0Yo8FLx4rGltoQ9lsJ+3SzSbsboRS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fDoUSeZYuizRCSqHVKNgkv0DTcC26lCGocCW+HoZua3nlBpnsgHM04xiOlA8ogzaqx07/cue+WKW3XnIKvEy0kFcjR75a9uP2FZjNIwQbXueG5qgglVhjOB01I305hSNqID7FgqaYw6mMxPnZIzq/RJlChb0pC5+ntiQmOtx3FoO2NqhnrZm4n/eZ3MRPVgwmWaGZRssSjKBDEJmf1N+lwhM2JsCWWK21sJG1JFmbHplGwI3vLLq+TxourVqld3tUqjnsdRhBM4hXPw4BoacAtN8IHBAJ7hFd4c4bw4787HorXg5DPH8AfO5w/Y7Y19</latexit>

V3

<latexit sha1_base64="u7GYGDhUEpoKMcBCspVj0AMmrsc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolW7LHgxWNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8O/PbT6g0j+WjmSToR3QoecgZNVZ6aPWv+qWyW3HnIKvEy0kZcjT6pa/eIGZphNIwQbXuem5i/Iwqw5nAabGXakwoG9Mhdi2VNELtZ/NTp+TcKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5uasOZnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlqXFa9aub6vluu1PI4CnMIZXIAHN1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AHac41+</latexit>

V2

<latexit sha1_base64="OvFy3SM+dK16j7xiiP4liAVGrGU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKxR4LXjxWtLXQhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJR8epYthmsYhVN6AaBZfYNtwI7CYKaRQIfAwmN3P/8QmV5rF8MNME/YiOJA85o8ZK951BbVCuuFV3AbJOvJxUIEdrUP7qD2OWRigNE1Trnucmxs+oMpwJnJX6qcaEsgkdYc9SSSPUfrY4dUYurDIkYaxsSUMW6u+JjEZaT6PAdkbUjPWqNxf/83qpCRt+xmWSGpRsuShMBTExmf9NhlwhM2JqCWWK21sJG1NFmbHplGwI3urL66RTq3r16tVdvdJs5HEU4QzO4RI8uIYm3EIL2sBgBM/wCm+OcF6cd+dj2Vpw8plT+APn8wfY7419</latexit>

V1

<latexit sha1_base64="uDafg8TVyhsl5KRJl30UzHmAeWs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkYo8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+2BNyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uw7qfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68TtpXVa9Wvb6vVRr1PI4inME5XIIHN9CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gDXa418</latexit>

… …

Figure 2: The two minimal covers {v1, v2, v3}, {u1, u2, v′3} provided in Lemma 20 (ii).

a contradiction to the minimality of B. Hence |B ∩ V1| = 1, and similarly |B ∩ V2| = 1 and |B ∩ V3| = 1.

(ii) Suppose otherwise. Let J = (U1 ∪ V1) − {u1, v1}, and let C′ = C \ {u1, v1}/J ; then our contrary

assumption implies τ(C′) ≥ 2. Since C′ is a minor of C, it follows that C′ is clean. Since the induced subgraph

G(C)[U2 ∪ V2 ∪ U3 ∪ V3] is a subgraph of G(C′), it follows that C′ is tangled. Then G(C′) is bipartite by

Theorem 11 (i).

Note that u2, v2 are connected by an odd length path in G(C)[U2 ∪ V2] and hence also in G(C′)[U2 ∪ V2].

Similarly, v3, v′3 are connected by an even length path in G(C)[U3 ∪ V3] and hence also in G(C′)[U3 ∪ V3]. But

since {v1, v2, v3} and {u1, u2, v′3} are minimal covers of C, it follows that {u2, v′3}, {v2, v3} are covers of C′,
hence edges of G(C′), which gives an odd cycle in G(C′), a contradiction.

The following theorem summarizes the discussion in this section:

Theorem 21. Let C be an ideal minimally non-packing clutter with covering number two and rank three. Then:

(i) C is a clean tangled clutter.

(ii) G(C) is bipartite, and the bipartitions of the connected components may be labeled as {U1, V1}, {U2, V2},
{U3, V3}, in such a way that setcore(C) = {(0, 0, 0), (1, 1, 0), (1, 0, 1), (0, 1, 1)}, so that the following are

members of C:

C1 = V1 ∪ V2 ∪ V3, C2 = U1 ∪ U2 ∪ V3, C3 = U1 ∪ V2 ∪ U3, C4 = V1 ∪ U2 ∪ U3

(iii) Each of C1, C2, C3, C4 contains a minimal cover of cardinality three, consisting of one element from each

connected component of G(C).

(iv) If {v1, v2, v3} and {u1, u2, v′3} are minimal covers of C for some u1 ∈ U1, u2 ∈ U2, v1 ∈ V1, v2 ∈ V2,

v3, v
′
3 ∈ V3, then there exists a minimal cover B of C with B ∩ (U1 ∪ V1) = {u1, v1} and |B| ≤ 3,

and similarly, there exists a minimal cover B′ of C with B′ ∩ (U2 ∪ V2) = {u2, v2} and |B′| ≤ 3. (The

analogous statements obtained by using any of U1, U2, U3, V1, V2 in the place of V3 also hold.)

Proof. Statement (i) follows from Remark 10. By Theorem 11 (i), G(C) is bipartite, and by Theorem 12,

core(C) is nonempty, so we may label the bipartitions of the connected components as {U1, V1}, {U2, V2},

12



{U3, V3} in such a way that (0, 0, 0) ∈ setcore(C). Then by Lemma 19, we have setcore(C) = {(0, 0, 0),

(1, 1, 0), (1, 0, 1), (0, 1, 1)}, so that C1, C2, C3, C4 are members of C.

Now we observe that C1 is also a cover of C, since otherwise, C would have a member disjoint from C1,

resulting in a pair of disjoint members, contradicting the assumption that C does not pack. Similarly, C2, C3, C4

are covers of C. Hence (iii) and (iv) follow from Lemma 20.

Consider the new ideal minimally non-packing clutters of Theorem 2. We leave it to the reader to verify that

the four minimal covers {2, 4, 6}, {2, 3, 5}, {1, 4, 5′}, {1, 3, 6′} “come from” Theorem 21 (iii), while the two

minimal covers {3, 5, 6′}, {4, 5′, 6} come from Theorem 21 (iv).

The well-known clutter Q6 over ground set [6] is defined by

Q6 = {{2, 4, 6}, {1, 3, 6}, {1, 4, 5}, {2, 3, 5}}.

Theorem 21 (ii) and Remark 17 immediately imply:

Corollary 22. Let C be an ideal minimally non-packing clutter with covering number two and rank three. Then

core(C) is a duplication of Q6.

It is known that all ideal minimally non-packing clutters with covering number two share a weaker property:

Theorem 23 ([9]). Let C be an ideal minimally non-packing clutter with covering number two. Then some subset

of C is a duplication of Q6.

In general, this Q6-like subset need not be core(C) itself, since rank(C) may be greater than three. It is a

feature of our construction that the clutters obtained, having rank three, exhibit Q6-like structure in their core.

4 Previously known constructions

We conclude by describing the small instances of ideal minimally non-packing clutters provided by Cornuéjols,

Guenin and Margot [9]. These constructions give thirteen ideal minimally non-packing clutters with covering

number two and rank three. In Figures 3 and 4, these clutters are depicted via their blockers; cardinality-two

minimal covers are shown as edges of a bipartite graph, and cardinality-three minimal covers are listed below

the graph (and there are no other minimal covers).

The first twelve clutters (see Figure 3) are obtained by a common construction and are denoted Q6 ⊗ X ,

where X ⊆ [6], subject to some restrictions on X . The construction produces clutters with exactly four minimal

covers of cardinality three and no minimal covers of higher cardinality. The clutter Q6 ⊗ ∅ is just Q6. The

thirteenth clutter (see Figure 4) is a one-off example not conforming to the construction, and has the following

13



incidence matrix:
1 1′ 2 2′ 3 4 5 6



1 1 0 0 1 0 1 0

1 1 0 0 0 1 0 1

0 0 1 1 1 0 0 1

0 0 1 1 0 1 1 0

1 0 1 1 1 0 1 0

0 1 1 0 0 1 0 1

0 1 1 0 1 0 0 1

1 1 0 1 0 1 1 0

All of these clutters share the properties required by Theorem 21. For instance, for the thirteenth clutter with

the incidence matrix shown above, we have U1 = {1, 1′}, V1 = {2, 2′}, U2 = {3}, V2 = {4} and U3 =

{6}, V3 = {5}. The first four rows form the core, reaffirming (ii). The four members contain the minimal covers

{1′, 3, 5}, {1, 4, 6}, {2′, 3, 6}, {2, 4, 5}, respectively, reaffirming (iii). Lastly, the five cardinality-two minimal

covers, along with the minimal cover {1, 2′, 6}, reaffirm (iv).

Late note on dijoins. After writing this paper, we noticed an intimate connection between our findings and

some results on dijoins from the early 2000s. Let us explain this connection.

Ideal minimally non-packing clutters arise naturally from directed graphs. Let D = (V,A) be a digraph. A

dicut is a cut of the form δ+(U) ⊆ A where δ−(U) = ∅, for some nonempty and proper subset U of V . A dijoin

is any cover of the clutter of minimal dicuts. Equivalently, J ⊆ A is a dijoin if D/J is strongly connected.

Denote by C(D) be the clutter of minimal dijoins of D. It follows from a well-known result of Lucchesi and

Younger that C(D) is ideal [17]. Woodall’s Conjecture states that the clutter C(D) must pack, a problem that

has remained open to this date despite its simple statement [23]. The history of the problem is further muddled

by the fact that C does not have the packing property. (Deletion in the clutter does not correspond to deletion in

the digraph.)

Consider the three digraphs D1, D2, D3 depicted in Figures 5, 6 and 7. The first digraph is due to Schri-

jver [18], while the other two are due to Cornuéjols and Guenin [8]. These digraphs were found as counterex-

amples to a conjecture of Edmonds and Giles on dijoins [12]. Even though C(Di), i ∈ [3] pack, they do not have

the packing property. More specifically, for i ∈ [3], denote by Ii the arc subset corresponding to the dashed arcs

of Di. Then the minor C(Di) \ Ii, i ∈ [3] is an ideal minimally non-packing clutter with covering number two.

In fact, C(D1) \ I1 = Q6 ⊗ {2, 4, 5}. The blocker of C(Di) \ Ii is depicted next to Di, where cardinality-two

minimal covers are shown as edges of a bipartite graph, and all the other minimal covers are listed below the

graph. The reader will notice that each C(Di) \ Ii, i ∈ [3] has rank three. This can already be observed by

looking at the digraph, as the solid arcs form three connected components, each of which is an alternating path

of sources and sinks.

For more information, we refer the reader to Aaron Williams’s very interesting Master’s thesis [22]. He

has shown that, up to a novel reduction called folding, the three clutters C(Di) \ Ii, i ∈ [3] are the only ideal

14



minimally non-packing clutters of covering number two and rank three coming from dijoins (see Chapter 6). He

has also shown that C(D) \ I cannot be ideal minimally non-packing with covering number two and rank four

(see Chapter 7).
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[7] Conforti, M. and Cornuéjols, G.: Clutters that pack and the max-flow min-cut property: a conjecture. The

Fourth Bellairs Workshop on Combinatorial Optimization (1993)
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